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Abstract-An incremental and piecewise linear finite element theory is developed for the large displacement,
large strain regime with particular reference to elastic-plastic behavior in metals. The resulting equations, though
more complex, are in a similar form to those previously developed for large displacement, small strain problems,
the only additional term being an initial load stiffness matrix which is dependent on current loads. This similarity
in form means that existing nonlinear general purpose programs may easily be extended to include finite strains.
A large displacement, small strain formulation (as applicable to problems ofstructural stability) is obtained from
this theory by assuming that changes in length of line elements and relative rotation of orthogonal line elements
are negligible compared to unity. The simplified equations are in essential agreement with previous formulations
in the literature. The only difference which is observed is the persistence of the initial load stiffness matrix, which
may be significant in some cases.

INTRODUCTION AND REVIEW OF LITERATURE

THE direct stiffness method of finite element analysis is by now well established and widely
used for the solution of small displacement, elastic structural problems [1]. Following the
initial paper of Turner et al. [2], various types of element have been developed, and general
purpose computer programs now exist which can be used with any element for the solution
of large-scale problems (for a summary see [3]). Such general purpose programs have
great practical advantages because of the rapidity with which they can be applied to any
particular problem.

Since the establishment of the method, there has been much interest in extensions for
nonlinear analysis. The nonlinearities arise from two distinct sources: constitutive non­
linearities and geometric nonlinearities, the latter being due to large displacements. The
most commonly used nonlinear material is the elastic-plastic material, and for this material
the linearity of the incremental stress-strain law forms the basis of the equations, its most
direct application being in the incremental type solution, where the solution is built up as a
series of linear increments.

Geometric nonlinearities were first included by means of an incremental geometric
stiffness (initial stress stiffness matrix). Such matrices were suggested in [4--7]. The earlier
results were obtained on the basis of equilibrium at nodes. The derivation of the initial
stress stiffness matrix was finally placed on a firm basis by the use of the Lagrangian or
Green's strain by Martin [8]. More recent analysis has established the importance of addi­
tional terms [9-11] which take the form of an initial displacement matrix [9] in the in­
cremental solution. This large displacement analysis has often been approached through
an updated local coordinate system, which is usually defined for each element in the
structure [12, 13]. Such coordinate systems are of use only when the assumption of small
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strains is made. Moreover, because of the possibility of finite rotation within the element,
this is strictly only true for constant strain elements. More direct solutions have been used
which do not employ an explicitly matrix formulation; for example, the large displacement
small strain work of Bogner et al. [14J in which a Fletcher-Powell minimization was used
and the large displacement and large strain work ofOden [15J and Oden and Kubitza [16J
on nonlinear elastic materials, for which a Newton-Raphson method was employed. In
[16J the authors also solved an elastic-plastic membrane problem with an incremental
approach which accounts for small strains and large displacements.

In addition to the works cited above, there has been an increasing trend by workers
in finite element analysis to adopt the equations of nonlinear continuum mechanics. This
of course has the advantage that it draws on a large background of study of the nonlinear
problem. Wissmann [17J and Besseling [18J discussed the tensor formulation of the finite
element analysis. Oden [15, 16, 19-22J in a series of papers extended the formulation and
outlined its application to nonlinear elastic and viscoelastic problems. Becker [23]..
Felippa [13J and Hartz and Nathar [24J also consider the nonlinear elastic problem. The
last work discusses the different terms resulting from the use of either a Lagrangian or an
Eulerian approach. Yaghmai [25J also discusses the last aspect of the problem and also
includes a linear incremental Kirchoff stress Lagrange strain for the elastic plastIc
problem. The equations were then applied to shells of revolution using a mixed Lagrangian
Eulerian approach where the equations depend on a fixed coordinate system during an
increment of load and is updated immediately after. Similarly. the incremental equilibrium
equations [25J contain both the incremental Cauchy stress as well as the accumulated
Kirchoff stress quantities.

The advantage of the incremental approach results from the simplicity and generahty
of the incremental equations written in matrix form; such equations are readily program­
med in general form for computer solutions [11]. Thus the incremental equations have
formed the basis of general purpose programs for nonlinear analysis [26]. As yet there has
been no development of a large strain, large displacement formulation which may readily
be implemented in such a program. It is the purpose of the present paper to propose such
a formulation. We find that the formulation is quite similar to the current large rotation.
small strain formulation, provided we introduce an additional term into the latter to
account for the initial loads in the increment; having derived the complete formulation
we are able to show the necessity for the inclusion of this term even within the small stram
approximation. The existence of this term has also been pointed out by Oden [22J who
calls it the load correction matrix.

An important question of large strain analysis is which constitutive equation to use.
Several authors have suggested particular forms that these equations should take for an
elastic-plastic material [27-29]. We shall adopt equations which are a direct extension of
the Prandtl-Reuss equations. The additional factor taken into account is the use of a frame
indifferent stress rate. Isotropic strain hardening has been assumed so that it will not be
generally applicable to truly large strains for most materials, but should nevertheless be
of value for the wide range of problems in which strains must be treated as finite even
though anisotropy does not develop extensively. We do not, as yet, deal with large elastic
strains in the manner of Lee [29].

In the present paper we adopt the incremental approach, developing the incremental
stiffness equation as a linearization of element equilibrium defined by the virtual velocity
equations. The development is made in a Lagrangian (initial coordinate) frame of reference.
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A parallel development in a current frame of reference has been made and will be presented
separately. This latter development does not introduce an initial displacement matrix.
The rigorous development of the complete incremental stiffness equation then allows us
to show the extent to which the small strain approximation may be used to simplify the
equation. We show the similarity between the complete formulation and the small strain
approximation written with the same Lagrangian frame of reference so as to suggest
extensions of the current general purpose program to include finite strains.

STATEMENT OF OBJECTIVE

(a) To develop an incremental finite element formulation for the large displacement,
finite strain problem and to examine the generalization of a general purpose program
developed for nonlinear large displacement, small strain problems.

(b) To obtain a large displacement, small strain formulation as a special case of the
nonlinear large strain formulation and thus evaluate previous large displacement, small
strain incremental finite element theories.

Notation

In the following, rectangular Cartesian coordinates are used throughout. Lower case
subscripts i, j, etc., refer to coordinate directions while superscripts in upper case N, M,
etc., refer to nodal points. Superscripts in Greek script IY., f3 etc., refer to generalized dis­
placement. The summation convention is assumed throughout. In matrix notation all
stresses, stress rates, strains and strain rates are written as vectors. All quantities associated
with nodal points are barred, e.g. Xf is the ith material coordinate of the Nth node.

1. REVIEW OF BASIC EQUATIONS, VIRTUAL VELOCITY EQUATIONS

We base the development of the element equilibrium equation on the virtual velocity
equation, written for a single element at some time t during the deformation. The virtual
velocity equation is entirely equivalent to overall element equilibrium and point-by-point
equilibrium equations, so that here we use it as a fundamental equation.

With!; f and (J' any equilibrium set and 12, V any compatible set of velocities and de­
formation rates, we have, referred to the deformed geometry,

(1.1)

where 1; are the components of surface force per unit of current surface area at time t,
S is the current surface of the element at time t, Fi are the components of body force per unit
ofcurrent volume at time t, Vis the current volume of the element, O'ij is a stress field defined
throughout the element, in equilibrium with F and l' and Vlj = !(ov;/OXj+ov/ox;) is the
rate of deformation derived from the velocity field !2(~): here ~ are current (spatial) co­
ordi.nates. In the usual small displacement form of (1.1), Vlj is written directly as Bij , the
stram rate.

The development we wish to follow is Lagrangian (referred to material coordinates),
so that we now transform (1.1) to an equation referring to initial coordinates. The relation-
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ship between current and initial coordinates for any central point is

(1.2)

where Xi are current coordinates, X; are initial coordinates and thus remain fixed for a
particular material point and U j are the components of the total displacement of the material
point K to this time.

For the Lagrangian formulation the usual strain measure adopted is that of Green
(see, for example, [30] p. 193), defined as

(1.3)

(1.4)

where 6ij is the Kronecker delta.
The material time derivative of (1.3) gives us the strain rate

E.. = ~(OVk OXk.. +~~_"- _OVk)
I) 2 oX; oX j oX; oXj

and the appropriate stress whose product with Eij gives the work rate per unit initial volume
is the Kirchoff stress,

(see [30] p. 200). Here IO,KjoX\ is the determinant of the matrix [ox/oXJ.
Thus, the right-hand side of (1.1) is

f. (JijV;jdV = f. SijEijdVo.
v VO

(1.5)

(1.6)

To transform the left-hand side of (1.1) to an equivalent statement referred to the initial
configuration, we introduce equivalent forces TO per unit of initial surface area, and EO
per unit initial volume, where

and

° dST. = T--·, 'dSo

( 1.7)

(1.8)

(l.10)

where d V jd VO, dSjdSO are ratios of current to initial volume and surface area respectively.
Then the left-hand side of (1.1) is

f r f dS ° r dV °
s 'livi dS.+ JvFiv; dV = so 'lidSovi dS + Jvo FidVoVi dV . (1.9)

We now substitute (1.6) and (1.9) in (Ll) to obtain

f T?vidSo+ r F?vidVO = r SijEijdVo.
so Jvo Jvo
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This is now the virtual velocity equation referred to the initial configuration, and is
used as the basis of the stiffness equation for the finite-element formulation.

2. LAGRANGIAN FORMULATION OF THE STIFFNESS EQUATION

The finite-element approximation is developed from a displacement assumption within
each element, which gives the displacement at any point within the element as a linear
combination of the displacements at a finite number of "nodal points" of the element, the
coefficients being functions of position within the element. In this section we adopt such
a displacement assumption in general form, using material (initial) coordinates as the
position variables, in accord with our Lagrangian development. The equations of non­
linear continuum mechanics have been recast in finite-element terms by Wissman [17J
and Oden [15]. We follow similar lines in developing the equations of this section as a
basis for subsequent developments. Throughout this section, the equations are developed
in tensor form. An Appendix provides the equivalent matrix form ofthe important relations
and provides a link with previous work [26J and also brings out more clearly the implemen­
tation of the present work in a computer program.

We write the displacement assumption within any given element in the form

(2.1)

where IX = 1,2 ... up to the number of nodes to be used in the element multiplied by the
number of displacement directions.

a~ is the generalized displacement and RHX) is the matrix which transforms the general­
ized displacements to displacements at a point. Ri(X) is a known function of the initial
coordinates X of a general point within the element, and is chosen so that continuity in
displacement from element to element can be assured.

By substituting the coordinates at the nodes and inverting (2.1) we obtain the nodal
point displacement to generalized displacement transformation matrix AiN .

(2.2)

where the sum on N need only extend over all those nodes common to the element. We
shall, however, think of the sum as extending over all nodes in the body, understanding
that AiN(X) is zero for those nodes not common to the element.

The generalized displacements a~ are thus linear functions of the nodal displacements
iff, so that we may write the displacement at a point within the element as

u. = R~(X)A~N(X-)U-N, ,- I - I' (2.3)

Because the first two terms on the right of (2.3) are functions of initial position only,
the material time derivative of (2.3) is

Vi = Ri(X)AiN(X)vf,

and, its rate of change with respect to Lagrangian position is

oVi oRi(X) ~N - -N

axi =~Al (!')v1 •
J

(2.4)

(2.5)
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Using (2.5) we may obtain the Lagrangian strain rate (1.4) at any point in the clement <,le­

a function of position and nodal velocities,

{2.6i

In (2.6) the term in the bracket is the matrix which transforms the generalized velocity
it" to the Lagrangian strain rate Eu. This is the tensor form of the so called [BJ generalized
displacement increment to strain increment transformation matrix of [26]. The first term
is a function of position only [BoJ while the second term is also a function of displacement
expressed in terms of the nodal point displacements [B' ].

We obtain the overall stiffness equation for the continuum by direct substitution of
(2.4) and (2.6) into the virtual velocity equation (1.10).

{f r '~" , {'f. (' )R~ ~R~ lRfJ ) iTOWAaNdSO+ J FOWAaNdVO vN = S( __ I,:--I--~--"~A/iMUM AaNdVO~ ,N
I I I I I I i IJ ~x ' ~X ~X q q I J L1

SO V O J vo, (/ j () j {j. j I

(2.TI

The integration on VO extends over all elements within the body, and that on SO over all
element surfaces on the loaded surface. Further we recall that the AfN are a set of constants
within each particular element, and their values within a given element are zero for all
nodes N not common to that element. The virtual velocities being arbitrary, we obtain
the overall equilibrium equation by equating coefficients of each particular nodal velocity
vf. Thus, if "equivalent" applied forces Pf at the nodes are defined in terms of surface and
body forces as

Pf= r T?R~AfNdSO+J' F?R~AfNdVo,Jso V(J

then the set of equilibrium equations is

(2,8\

(2.9)

Two types of non-linearity are apparent: the geometric non-linearity arising through the
generalized velocity to strain rate transformation matrix of (2.6), and the material non­
linearity since we cannot in general assume a linear relation between Sij and the Eij'

3. INCREMENTAL STIFFNESS MATRICES

The method of solution proposed here follows the most common approach of taking
linear increments in the non-linear equation (2.9) [16, 26J. Such a method of solution is a
necessity when the material law includes some form of deformation history dependence,
As has been shown [26J, this technique is also very well adapted to general purpose program­
ming.

First, a slight change in point of view is made. Integrations in (2.8) and (2.9) are to be
extended over all the elements. However, it is convenient to focus attention on operations
to be performed on a single element, it being a relatively straightforward matter to assemble
contributions from all elements sharing a nodal point. Thus, we shall henceforth view
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equations (2.8) and (2.9) as involving integrations over a single element. Further, to avoid
extra notation, we shall maintain the notation Pf for the left hand sides and keep the "equal"
signs, it being tacitly understood that the subsequent "equations" for individual elements
are really valid only when contributions from all elements sharing a particular node are
added together.

With this convention, the A1N may be taken outside the integrals. For a linear increment
of (2.9)

ApN = 4~NI. (O.Ri+OR~ ORfAfJMiiM)AS.. dVQ+A~NI. ~R~oRfAfJMAiiMS .. dVQ (31)
1 "I vooX . OX.OX. q q IJ 1 voox.ax. q q IJ .•

J I J I J

Now, if the surface tractions and body forces are known in the forms T?, F? referring to
the undeformed geometry, the left hand side is known from (2.8) and whatever changes in
load parameters are envisioned during the A increment. However, this is not the most
general case. Rather, T? and F? will depend both on certain load parameters and on dis­
placements (and/or displacement gradients), so that increments will take the forms

AT? = A 10ad T?+A geom T?
AF? = A1oadF? +AgeomF?,

(3.2a)

where A10ad denotes the known increments in T? or F? due to changing the load parameters,
with the displacements and gradients held fixed, and A geom denotes the increments due to
the unknown changes in displacements and gradients, with the load parameters held fixed.
Here we give an example to illustrate the behavior we have in mind. Consider an axially
symmetric body rotating about its symmetry axis, and let us suppose that the angular
velocity co is increased from zero to its current value at a sufficiently slow rate so that the
problem may be treated as one ofquasi-static deformation due to the increase of the inertial
body force, F? = pOw2r, from zero to its current value. Here F~ is the radial component of
body force per initial volume, pO is the initial mass density, and r is the distance of a material
point from the axis of rotation. For an increment in angular velocity we have

(3.2b)

and the terms on the right-hand side of this equation may be clearly identified with the
terms in equation (3.2a). It is noted that the second term requires the increments in Ar
ofthe radial position ofthe material point and that this may only be computed by a complete
solution of the incremental problem.

We return to our discussion of the increment in equivalent force and write

(3.3)

where from (2.8)

(3Aa)

and

(3Ab)
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We discuss the computation ofthe matrix Q~M for particular loading types in the Appendix.
This matrix is the load correction matrix developed independently by Oden [22].

We may now use (3.3) in (3.1) to obtain the incremental element stiffness equation:

I1pN = AaN f (oRl+ oR~ oRf AfJMUM)I1S .. dV o
I 1 va 0Xi 0X i oX j q q 'J

f

oRa oRfJ
+AaN __~~kAfJMS .. dVO l1uM

I VOCXiOXj q " . q

-Qf.Ml1u~. (3.5)

Equation (3.5) now expresses the (known) I1P as linear combinations of I1Sij and l1u
with known coefficients. To complete the formulation, we now express an increment of
stress I1Sij as linear combinations of the increment of displacement I1U. This is done by
introducing the constitutive relation in the form

(3.6)

where we assume that Dijk1 is a known function of the current state.
In this constitutive relation we assume that a unique stress increment is defined by a

given strain increment: it is therefore suitable at least to large non-linear elastic materials
and to time-independent elastic-plastic materials under isothermal deformation. An
example of the particular form of (3.6) which is appropriate for finite strain elastic-plastic
deformation as long as the material is isotropic is discussed in the next section.

We now use the displacement assumption to write I1Eij in terms of l1uf, and similar to
the derivation of (2.6) obtain

_ (OR~ oR~ oR~ fJM-M) aN -N
I1Sij - Dijk1 ox,+ oX

k
OX1Aq Uq Am l1um

so that the incremental equation (3.5) reduces to

I1Pf = (k(O)frQ+k(1)frQ+k(2)frQ_QfrQ)I1u? (3.7)

where

k(l)NQ = AfJN{ { ~Rf D.. ~R~ dVO} AaQ
lr I JvooXj !JkP OXp r

is the usual small displacement stiffness matrix;

k(l)NQ = AfJN{f S.aRf oR~ dV O} AaQ
Ir I va IJ 0X. 0X . r

I J

is the initial stress stiffness matrix;

(2)NQ _ fJN{f [ YM_M(OR; oR~ oRf oR~ oR; ORf)
k lr - A, Dijkp Aq Uq O"lX O"lX oX+ oX oX. oX.va U k U P J P J ,

. -M -P M OP oR; oR~ oR~ OR~J dVo} AaQ
+uq ufA~ AfaXk oXp oX

i
oX

j
r

is the initial displacement stiffness matrix introduced by Marcal [9]; and QfrQ
, defined in

general terms in (3.2), may be similarly described as an initial load stiffness matrix.
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4. CONSTITUTIVE RELATION FOR AN ELASTIC-PLASTIC MATERIAL

In the previous section we derived the general incremental stiffness equation using a
constitutive relation in the form (3.7). We now suggest appropriate forms for Dijkl in (3.7)
for particular material properties.

The classical elastic material may be readily treated, for then we can write an appropriate
strain energy function so that

oW
S··=-

'J oEij

where W = W(Ei). Thus dSij = (o2W/oEijoEkl )dEkl defines Dijkl = (o2W/oEijoEk/)' Be­
cause of the work of Oden [15] it was thought unnecessary to pursue the nonlinear elastic
problem further, it being sufficient to note that the incremental approach here could be
followed by additionally imposing constraints of incompressibility. This constraint may
be expressed as a linear relation between displacements at the nodes of an element and the
interested reader is referred to [31].

The elastic-plastic behavior of metal structures is of great interest, and here the in­
cremental solution is most useful in following the strain history throughout the structure.
In the following we shall assume that the material is isotropic and, with the description of
elastic-plastic materials in mind, we adopt a linear relation between stress and strain in­
crements. We also recognize that for metal behavior, the constitutive relation is commonly
expressed in terms of true stress and true strain (e.g. the Prandtl-Reuss equations) rather
than as a relation between Sij and Eij' We therefore introduce our constitutive relations
in these terms and using appropriate relations between the increments of true stress and the
Kirchoff stress we transform our equation into the desired form of (3.6).

Small strain elastic-plastic rate independent material behavior according to the
Prandtl-Reuss relations and the von Mises yield criterion has been discussed at length
[32-34]. Its use as the tangent modulus method in finite element analysis is also well estab­
lished [35~37]. The incremental equation takes the form

(4.1)

where d<Jij' dekl are increments of stress and strain, and the Cijkl are either the appropriate
elastic constants for a purely elastic increment, or are derived from the elastic constants
and the current position of the yield surface (and the work-hardening coefficient) for an
elastic-plastic increment. As in Hill's [32] discussion, we assume that the equation describes
the true stress vs. logarithmic strain relation in simple tension.

For finite strains, the usual development of elastic-plastic constitutive relations may
be followed, provided we may still assume a linear decomposition of strain increments into
elastic and plastic parts. This is not the case in general [29,38], but for static deformation
of most metals we can assume the recoverable elastic strains are small so that the decom­
position is still valid. If the Cijkt'S are assumed to depend only on the current stress state,
then material isotropy and isotropic hardening are necessarily implied in the large strain
range. It is clear that non-isotropic hardening could be included in the formalism. However,
this would lead to severe complications in that measures of at least the current orientation
of material line elements would have to be included. Thus, with the restriction to isotropic
hardening and small recoverable strains, Cijkl is formed exactly as in the small strain
analysis.
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(4.2)

(4.4)

The additional factor to be considered now is that the measure of stress and strain
increments must clearly be of a form that is independent of the current rate of rigid body
motion. That is to say, we adopt frame independent stress and deformation rates. As the
point of departure we use a linear relation between the Jaumann stress increment and the
increment of deformation tensors since these are the appropriate "true" stress and strain
increments which are invariant with respect to rigid-body rotations. The incremental
relations are now

(~(Tmn)J = Cmnkl(~e)kl

where (~(Tmn)J is the Jaumann stress increment, defined by

(~(j )J = ~(j (T ~(~(~".Un)_ O(~"_~~) -(j !(~(~Um)_~(~Up»)mn mn mp2 ,. ~ pn2:l;l (4.3)
cX p eXn oXp OXm

where ~(jmnis the material increment ofcurrent stress [30, p.155]. Also(~e)kl is the increment
of deformation tensor:

As discussed above, the Cmnkl take on the same values as in the small strain analysis
and are assumed to be known functions of current stress.

In order to convert (l Jaumann stress increment to an increment of Kirchoff stress we
make use of the relation between the increment of Kirchoff stress and the Truesdell stress
increment [30, p. 201J given by

) o~IOXiaXj "r
~S· = .-. -'-'-(~(j )

'J ax OXm OXn mn

where (~(jmnf is the Truesdell stress increment, and the relation between an increment of
Jaumann stress to an increment of Truesdell stress is given by

(~(jmn)J = (~(Tmnr + (jmp(~e)pn +(jnp(~e)pm - (Tmn(~e)pp'

By using (4.3) and (4.4) in (4.1) we have

1
0~ lox i oX j{ (A ) (A") I~Sij = --;)-Cmnkl(~e)kl+(jmn(~e)pp-(TmpLle pn-(jnpLle pml'ax OXm eXn

But, from (1.4),

(4.51

(4.6)

(4.7)

So that (4.5) is

_10~jax.!. oX j aXr {" {"JX~ ~~s_(j ?Xs_(T aXS}~E
~Sii - "X" :l " C mnkl :1. +(jmn:1 mk:1 nk" " rs

. u_ uXm uXn OXk eXI {'Xk eXn (JXm

and we have the necessary Dijrs for use in (3.6).
For a constitutive relation of the form (4.2) it is possible that a "current configuration"

development of the il!cremental stiffness equation may be more appropriate, since it would
avoid the inclusion of the transformations ax/ox;. Such a development has been followed
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and is found to give a more complicated initial stress stiffness matrix which is less easy to
generate, but does not have an initial displacement stiffness matrix. This Eulerian develop­
ment will be the subject of a separate report.

5. SMALL STRAIN, LARGE ROTATION APPROXIMATION

In previous derivations for higher order elements, assumptions of small strain were
implemented on an intuitive basis. In order to better understand the order of magnitude
of the errors introduced, we shall here obtain the small strain large rotation formulation
explicitly as a special case of the large strain large displacement formulation (3.7).

The small strain approximation in large displacement finite element formulation has
usually been introduced implicitly through the adoption of a local coordinate system in
each element, which rotates with the element [4-9]. However, such local coordinate
systems may not be adequate in higher order elements because the possibility of large
rotations within the element remains: Rigorously, such local coordinate systems are
only adequate for constant strain elements. This difficulty may be overcome by introducing
a local coordinate system at each material point (in practice this means at each integration
point of the numerical integration scheme) but even such a local coordinate system need
not be used explicitly. Here we imply such a system although it does not enter any of the
equations in their final form, and we achieve a simplification of equation (3.7) which
corresponds to the current general purpose program being used at Brown University [26].

We can characterize the motion of any material line element as a rigid body rotation
and a pure deformation,

(5.1 )

where hij = hj ; « 1 in the present case, and where T"j is an orthogonal rotation, possibly
finite. Ems, to within terms of order hij compared to unity,

dS
and dSo ::::: 1. (5.2)

The transformation of vectorial surface area is [30, p. 199J

dS = IOK laX; dSO, ax ax, , ,

where dS, = n,dS, dS? = n? dSo. Again, neglecting terms of order hij ,

dS, ::::: 1;, dS? or N,::::: 1;,N?

(5.3)

(5.4)

The incremental constitutive law ofthe previous section, equation (4.6), may be written as

(5.5)

where
(5.6)
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Thus, neglecting hij in comparison to unity, (5.5) becomes

or

(5.7)

where dX i = T;j dXj defines a coordinate transformation. This is, of course simply the
form of the stress-strain relation employed in previous updated local coordinate system
formulations [26].

However, one difference from previous work remains, in that we have the constitutive
matrix Ct}kl as defined by (5.6), rather than C ijk1 as employed, for example, in conventional
small strain small displacement formulations. In the elastic range, C ijk1 is an elastic modulus
and hence the additional stress terms in (5.6) are of the order hij in comparison and thus
negligible. But in the plastic range, since the slope of a stress-strain curve is often of the
same order of magnitude as the stress itself, the additional terms are not always negligible.
In other words, no matter how small the strains (or rotations) are, if the material is in the
plastic range, the conventional small strain formulation is not necessarily recovered as a
limiting case ofthe geometrically nonlinear formulation. This is not as unfamiliar a fact as it
might seem at first thought. "True" stress-strain curves and nominal curves, from tension
or compression tests, are frequently plotted on the same diagram. We might think ofadding
a curve representing Kirchoff stress and Lagrangian strain. All three curves agree closely
in the small strain range. However, the slopes of the three stress-strain curves are very
different in the small (but plastic) strain range for the light work hardening rates typical
of high strength structural metals. The slope differences are of the order of stress itself,
which is in turn typically comparable to any individual slope. Hence, the approximation
of replacing Ct}kl by Cijkl is a familiar one, and while the actual relation between stress and
strain increments may be poorly represented in the plastic range, it is expected that total
stresses and strains will be accurately predicted. While we propose to adopt this last
viewpoint here, we note that some problems, particularly those of structural stability, may
be poorly treated as a result of the approximation. This point deserves further study.

The transformations ax;/axj appear frequently in the formulation, and in the appendix
we show how these may be obtained by inversion in the general case. For this small strain
approximation they are available directly as follows. We have

ax
.:10

• I = (b iP + hip)Tpj
ex;

from (5.1). Then

Since all

and so using the displacement mode assumption (2.3),

(5.8)
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This expression may be used in (5.5) and in the load vector and initial load matrix.
These latter are simplified appropriately in the appendix.

We may summarize the small strain approximation by saying that while none of the
stiffness matrices can in general be omitted, some simplification of these stiffnesses can be
achieved. These are, in fact, simplifications in details of the formulation. Indeed it is because
of this that it should be straightforward to incorporate the complete formulation into the
current small strain formulation.

6. CONCLUSION AND DISCUSSION OF FUTURE WORK

We have derived the incremental stiffness equation of the finite-element method in a
Lagrangian frame of reference, without making any assumptions about the magnitude of
strains or displacements. Such an exact derivation has many advantages for the subsequent
development of a small strain, large rotation theory because explicit introduction of the
small strain approximation shows how much simplification can be achieved within the
approximation. Thus it is not, in the general case, legitimate to ignore the initial load
stiffness matrix, which has not yet appeared in any previous developments ofthe incremental
equations for use in a general purpose program. However, the more important conclusion
is that the formulation for finite strain is not seriously more complicated than that ofcurrent
general purpose small strain, large rotation programs, so that there is no practical barrier
to the removal of the small strain restriction.

We have not introduced a local coordinate system, and it should be again pointed out
that the conventionally adopted whole-element local coordinate systems may not be
sufficient for the higher order elements, because finite rotations within the element may
take place.

The complete formulation of the incremental stiffness equation for arbitrary large
strains terms, incorporated into the current general purpose program, will extend the
possible range of problems into such fields as metal forming, provided suitable constitutive
data are available.

The development has used a Lagrangian frame of reference, and this may prove of
further practical use in the extension to large strain dynamic problems, because the mass
matrix would then be constant throughout the calculations, and would be solved once
only. This may result in considerable time saving in the overall solution of these problems,
where the time needed for numerical solution is usually very long.
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APPENDIX A

Matrix form of the incremental equations

In this Appendix we give the matrix form of the incremental stiffness equations (3.7)
and discuss how this may be implemented in a general purpose program,

With the definition of [A], [R] and [B] given in (2.1), (2,2) and (2.6) respectively we have
the incremental element stiffness equation:

(Ai)

where

We)] [AY({o [BoY[D][BO] dVO)[A]

[k(l)] = [Ay(fvo{tS;jf g~:}l~~J)dV
o

) [A]

[k(2)] = [AY(fv
o

{[BoY[D][BIJ +[B1Y[D][BO] +[BIY[D] [B1J} x dVo )[A]

and [Q] is derived from (3.2).
Equation (A.1) as obtained above applies to each element and its corresponding nodal

points. The master stiffness equations for the whole structure may be obtained from this
equation by the usual assembly used for the direct stiffness method.

The implementation of equation (A.1) in a general purpose program is fairly straight­
forward and would follow along the lines of [26].

The only difficulty may arise from computing the initial stress stiffness matrix [k(l)].
We therefore describe how it may be formed.

From equation (2.6), we see

(B~.)I = oR~ oRfAPM-M
I] ax. ax. q Uq

I ]

(A.2)

We assemble the matrix form of [BI
] following the technique outlined by Marcal [9]. In

this method we take the individual rows of [BI
] corresponding to components of Sij written

as a vector. One such row is formed as

(A3)

by direct comparison with (A.2) above. In (A3) the sum over k is first assembled, and then
this matrix is pre-multiplied by L(LuJ[AY)J. It is emphasized that subroutines have only to
be written to form the coefficients in LoRk/oXiJ.
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Having formed the individual rows of [BI], the whole matrix may now be completely
assembled (e.g. for use in [K(2)]), or these rows may be taken in turn and multiplied by the
appropriate Sij for the assembly of [K(l)J.

Finally, we note that we have used the relation oXJoxP frequently in the stiffness for­
mulation. These transformations may readily be obtained by inversion, since

and so substituting from equation (2.4),

oXr _" oRr aN-N
oX

i
- Uir+ aXiAl U 1 •

(A.4)

(A.5)

The matrix oxFJX i in (A.5) can be inverted to obtain the axJox p • In the case of small
strains, we have given an explicit formula (5.8).

APPENDIX B

Particular forms ofexternal loading

In Section 3 we derived the incremental stiffness equation using the general form of
loading defined by (3.2). We now consider two particular cases, point loads with constant
direction and pressure loads, to illustrate how readily these may be incorporated into the
incremental formulation. For simplicity in both examples we consider that particular
loading alone; direct linear superposition of the loadings is apparent from Section 3.

1. Point loads. That part of the surface loads resulting from point loadings may be
written as

(RI)

where W N is one of the point loads. It is not assumed here that WN is necessarily applied
at a node, but we make the assumption that it is applied at the same material point XN

throughout the motion.
Then that part of the equivalent nodal loads in (2.8) resulting from the W N is

P7 = L WfR~(XK)AfN.
K

(B.2)

Note that from (B.2) ifthe W N are indeed applied directly at the nodes, we have P7 Wi'!
since R~ is then the inverse of ATN

.

To define the increment of (B.2) we must write AWN in the form (3.2). The simplest case
occurs when the point loads remain in a constant direction (e.g. gravitational in an ap­
propriate frame of reference): then we write

WN
= IWN ll1

where n is a constant unit vector.
So in the increment
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and hence the incremental form of (B.2) is

I1Pf = L 11wfRf(XK)AfN. (B.3)
K

Here the 11wf = 111 WKln i are assumed known.
Comparing (B.3) with (3.2), we see that in (3Ab) there is no Q~M term arising from such

point loads with fixed direction, so if the structure is loaded with such point loads alone,
there will be initial load matrix. If, however, the direction of the point loads varies, we
must write

I1WN = I1IWNI.!!+IWNII1~

and the second term [the I1geom term in (3.2)] will give rise to the initial load stiffness matrix.
2. Pressure loading. This form of loading is one of the most important for practical

problems, and is very simply included in the general formulation of Section 3. The pressure
on a point of the surface of an element may be written in the form

T= -p~ (BA)

where p is the (scalar) value ofthe pressure andl!.is the unit outward normal to the surface
at this point. Then

T dS = - p~ dS = - p dS (B.5)

writing the surface element as a vector directed along the outward normal. With this
notation, we have the result (see [30], p. 199)

dS = IOK.IOXi dS~, ax ax, '
so that we may substitute in (B.2) to get

T.dS= _pl°K.IOXidSO, ax ax,

= _ IOK.IOXi dSo ~
p ax ax, n,

(B.6)

(B.7)

where nO is the unit outward normal to the same material point of the element surface, but
in its initial configuration.

Thus by comparison with (1.8) we have the expression for TO as

° 1°K./OX
i

°T, = -p ax ax, ni .

Writing this in incremental form, we have

(B.8)

(B.9)I1TO = -11 IOK.IOXi ~ - ~I1(1 OK. IOXi
), p ax a n, pn, ::lX;:',·_ x, u_ ux

The first term is 1110adT? of (3.2).
To obtain the form of the second term in (3.3) corresponding to 11 TO we need togeom l'

evaluate the incremental part of the second term in (B.9). This is readily done using the
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two basic results quoted below (for derivation see, for example, Prager [30], p. 192):

A((;X~i) (l)( D(L\up)
Ll. (RIO)

('x" ax,

(B.I JI

(B.12)

So we have for L\geom T?

- pn?L\( 1:11~:~i) _pn?i~Xil Dx I~\L\U~) i:XE
ex, ax eX p (X k

+pnoj aX I~.~i a(L\up ) a..x k
1 "'X rl ~v .~
,0_ 0X p Ofl.k (IX,

_pn?/' '~XX I(~~Xp(:X i __ ~~i ~Xp) O~L\:k).
D~ (Xk ex, CXk OX, 0-'\ p

These expressions allow us to substitute directly in (3.4a.b) for L\pN and iJ~M :

L\pNI = 4JN r w 1'~~~-laL\jnOL\PdSO IB 11)
• 1 ),,0 ' eX ax, I \ ..

and

and

(8014)

so that we have the increment of nodal loads for the left-hand side of (3.7) and the initial
load stiffness matrix.

When small strains are assumed (see Section 5) (B.13) and (B. 14) may be simplified. We
have lox/aXI::= 1, and dS ::= dSo. Thus we may write

"'N IN J J ax i 0 •L\P, = - A R ··.·.-n. ~p dS1 r..., I

sex,

where the aXJaXj are available directly from (5.8).

(Received 3 Jull' 1969: I"I'I'ised9 Decemher 1969)

A6cTpaKT-06cYlK)J,aeTCSI TeopHSI AJISI KYCO'lHOrO JlflHeHHOro KOHe'lHOrO JJleMeHTa C npl1paMerMeM npl1

60JlbllII1X nepeMemeHI1S1X, pelKl1Me 60JlbllII1X Ae<!JopMaUI1H 11 npl1 OC060M OTHOllieHlI11 K ynpyro·nJlaCTI1­

'1eCKOMY nOBe)J,e·HI1IO B MeTaJJJlax. OOJlY'IeHHble ypaBHeHI1S1. HeCMOTpll Ha I1X 60JlbWYI{) CJlOlKHOCTb

no,no6Hbl no <!JopMe K TaKI1MlKe, BbIBe)J,eHHbIM 3apaHee ,nJlSl 3a)J,a'l 60JlbWliX nepeMemem'l{, MaJJbIX

)J,e<!JopMaUI1H, npli'ieM ,no6aBO'iHblH. 'iJJeH, KOTOPbIH. OKa3blBaeTCSI MaTpliueH KOJ<P<PHUlieHTOB lKeCTKOCTI1

Ha'iaJlb HOH Harpy3KIi, 3aBI1CHT OT nOTOKa Harpy3KIi. 3TO nO)J,06lie 0603Ha'iaeT, 'ITO HeJlIIHeH.Hble 061l1He

nporpaMMbl MOlKHO JlerKO paCllIMpl1Tb )J,JJSI npI1Coe,nHHeHHSI KOHe'lHbIX )J,e<popMaUIIIl. vh 1Toll Teoplili

nOJlY'iaeTCll <pOpMyJlHpoBKa 60JJblllllX nepeMellleHlIH 11 MaJJhIX ,ne<popMaUI1H !B npl1MeHe!lHIO K 'ia)J,a'laM

yCTOH'iHBOCTI1 KOHCTPYKUIIH! npeAnOJlaraSi. 'ITO H3MeHeHI1e )J,Jl Ii HbI JJI1HellHblx 'JJleMeHTOB H OTHOCHTeJlbHOC

BpallleHHe opTOrOHaJJbHblX JlflHeWHblx J!leMeHTOB He3Ha'lIHCJlbHO no cpaBHeHMIO C ejJ,I1HI1UcH. Ynpo­

l1(CHHbIC ypaBHeHMSI, B OCHOBHOM, COrJlaCHbl C npeAblAYllIeH <POPMYJIHPOBKOH B lll-nepaType. Ha6JJlOilaeTClI

TOJlbKO O,!l.Ha pa3HIll.\a, COCTOSImaSi B TOM, 'iTO MaTpl1ua KOJ<!J<PMUHCHTOB Ha'laJIbHOH Harpy11<!1 nOCTOllHml.

3TO HMeeT '3Ha'ieHMe B HeKoTopblX cJlY'laSix.


